Let b(n) be the greatest prime factor of n, a(n) the least prime factor of n and m an arbitrary but fixed positive integer. In this article we prove the asymptotic formulae
Introduction and Preliminary Results
Let m be an arbitrary but fixed positive integer.
Let b(n) be the greatest prime factor in the prime factorization of n. In previous articles [1] [2], we proved the following asymptotic formula log n , where ζ(s) is the Riemann's Zeta Function. In articles [1] [2] we use the notation b m (i) = b(i) m . Let a(n) be the least prime factor in the prime factorization of n. In a previous article [2] , we proved the following asymptotic formula n i=2 a(i) m ∼ 1 m + 1 n m+1 log n ,
In article [2] we use the notation a m (i) = a(i) m . In this article we study the sum The following lemma is well-known [3] . Lemma 1.1 Let m be a nonnegative integer and let S m (x) be the sum of the m-th powers of the primes not exceeding x. The following asymptotic formula holds
where p denotes a positive prime.
Main Results
Theorem 2.1 The following asymptotic formula holds
where
Proof. Let k ≥ 2 be an arbitrary but fixed positive integer. Consider the inequality n k < p ≤ n,
where p denotes a positive prime number.
The number of multiples of p not exceeding n is 1, namely p, since p ≤ n and 2p > n. Therefore p is the greatest prime factor in these multiples of p and p is also the least prime factor in these multiples of p. Consequently the sum of the quotients between the m-th powers of the greatest prime factor and the m-th powers of the least prime factor in these multiples of p not exceeding n will be
Consider the inequality
The number of multiples of p not exceeding n is 2, namely p and 2p, since 2p ≤ n and 3p > n. Therefore p is the greatest prime factor in these multiples of p and p and a(2) = 2 are the least prime factors in these multiples of p.
Consequently the sum of the quotients between the m-th powers of the greatest prime factor and the m-th powers of the least prime factor in these multiples of p not exceeding n will be
. . .
Consider the inequality
The number of multiples of p not exceeding n is k−1, namely p, 2p, . . . , (k−1)p, since (k − 1)p ≤ n and kp > n. Therefore p is the greatest prime factor in these multiples of p. Since p > k (see above). On the other hand, p, a(2), a(3), . . ., a(k − 1) are the least prime factors in these multiples of p. Consequently the sum of the quotients between the m-th powers of the greatest prime factor and the m-th powers of the least prime factor in these multiples of p not exceeding n will be n k
If we put
then equations (5), (6), . . ., (7) give (see (1))
is the prime counting function. Note that (see (1))
Consequently (see (9) and (10))
Hence (see (11) and (1))
and note that (see (1)) there exists t > 1 such that from a certain value of x we have
Then we have (see (14))
where . denotes the integer part function. Consequently if we put
then from a certain value of n we have
We can write
Now (see (12) and (17))
Therefore equations (19) and (20) give
On the other hand, if we take n and k sufficiently large then (see (12), (18),
)
and consequently from a certain value of n (see (21) and (22))
since > 0 is arbitrarily small. Equations (19) and (23) give (2) . The theorem is proved.
Note that equation (12) can be written in the form
Equations (2), (3) and (24) give
If M (n) denotes the mean quotient between the greatest prime factor and the least prime factor, that is
We recall the definition of function of slow increase (see [5] ) 
Typical functions of slow increase are f (x) = log x, f (x) = log α x (α > 0), f (x) = log log x, f (x) = log log log x, f (x) = log x log log x , etc. (i = 2, 3, . . . , n) and let n 0 be the number of these quotients such that
Then lim n→∞ n 0 n = 0. Consequently if n 1 is the number of these quotients such that
Proof. Equation (25) can be written in the form
where h(n) → 1. Note that (L'Hospital's rule and ( ))
That is, we have
where lim x→∞ g(x) = 1. Note that there exists a positive integer k such that the function xf (x) log x is positive and strictly increasing in the interval [k, ∞), since the functions x log x and f (x) are positive and strictly increasing in the interval [k, ∞).
Suppose that limit (26) is not fulfilled. Then there exist α > 0 such that for infinite values of n we have n 0 n ≥ α. Consequently for these infinite values of n we have (see (28)
where h(n) → 1. Note that in (29) the sum
is a sum of rectangles of basis 1 and height
. Now, (27) and (29) are an evident contradiction since f (k + αn − 1) → ∞ and consequently limit (26) is fulfilled. The theorem is proved.
We also have the following analogous three theorems. , then lim n→∞
Proof. The proof is the same as Theorem 2.2 since we have (see the introduction)
The theorem is proved. The theorem is proved.
Let c(n) be the sum of the prime factors of n. The theorem is proved.
In [4] a weaker theorem was proved where f (x) = log x and 0 < < 1.
